AdS Black Brane Solution Surrounded by Quintessence in Massive Gravity
  and KSS Bound by Sadeghi, Mehdi
ar
X
iv
:2
00
7.
09
68
8v
1 
 [h
ep
-th
]  
19
 Ju
l 2
02
0
AdS Black Brane Solution Surrounded by
Quintessence in Massive Gravity and KSS
Bound
Mehdi Sadeghi∗
Department of Physics, School of Sciences,
Ayatollah Boroujerdi University, Boroujerd, Iran
July 21, 2020
Abstract
In this paper, the Einstein AdS black brane solution in the presence of quintessence
in context of massive gravity is introduced. The ratio of shear viscosity to entropy den-
sity for this solution violates the KSS bound by applying the Dirichlet boundary and
regularity on the horizon conditions. Our result shows that this value is independent
of quintessence in arbitrary dimensions.
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1 Introduction
Astronomical observations shows that 70% of the universe is unknown which is called
dark universe. Thus, Physicists are trying to modify general theory of relativity to
include dark matter and dark energy. One of these modifications is massive gravity [1],
to explain dark univers. Astronomical observations have shown that the universe has
an accelerating expansion [2, 3], which might be due to dark energy acting as an anti-
gravity. Quintessence is a possible origin of this phenomena with the state equation p =
ωqρq [4] where p and ρq are the negative pressure and the energy density respectively[4].
The first general solution of spherically symmetric static Einstein equations in four
dimensions in the presence of quintessence was introduced by Kiselev [5]. The extension
of this solution to d-dimensions was constructed by [6] on the brane. Other extensions
of Kiselev solution were studied in [7, 8, 9, 10].
AdS/CFT duality relates two different theories that are physically and mathemat-
ically different. This duality states that super Yang-Mills N = 4 with gauge group
∗Corresponding author: Email: mehdi.sadeghi@abru.ac.ir
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SU(N) corresponds to string theory IIB in AdS5× S5, was introduced by Maldacena
in 1997[11]. Gravity is located in the bulk of AdS5 space-time and field theory is lo-
cated on the boundary of AdS5. Therefore, gravity in (n+ 1)-dimensions corresponds
to field theory in n-dimensions. This duality arises from duality between closed and
open strings. Perturbative method is not applicable to strongly coupled field theories.
Therefore, this duality is a valuable tool to study the near-equilibrium property of
strongly coupled systems.
AdS/CFT duality is known as fluid-gravity duality [12, 13] in the long-wavelenght limit.
In this regime, field theory is effectively described by hydrodynamics. Quark-Gluon
Plasma [14] and cold atomic gases [15] have hydro-dynamical behavior and it has been
observed experimentally.
The result of η
s
for QGP from fluid-gravity duality is in qualitative agreement with
experimental data. This conjecture ,η
s
≥ 14pi , is preserved for all relativistic quantum
field theories at finite temperature with gravitational dual and this value get a lower
bound, 14pi , for Einstein-Hilbert gravity which is known as Kovtun-Son-Starinets bound
[16, 17, 18, 19, 20]. This conjecture is violated for higher derivative and massive gravity
theories[21, 22, 23, 24, 25]. Shear viscosity is one of the transport coefficients appeared
at first order perturbation of dissipative fluid.
T µν = (ǫ+ p)uµuν + pgµν − σµν , (1)
σµν = PµαP νβ[η(∇αuβ +∇βuα) + (ζ − 2
3
η)gαβ∇.u]. (2)
where η, ζ, σµν and Pµν are shear viscosity, bulk viscosity, shear tensor and projection
operator, respectively [20].
Green-Kubo formula can be derived by linear response theory as follows,
η = lim
ω→0
1
2ω
∫
dt d~x eıωt
〈
[T xy (x), T
x
y (0)]
〉
= − lim
ω→ 0
1
ω
ℑGx xy y (ω,~0). (3)
The shear viscosity η is straightforwardly obtained from a Kubo formula and the en-
tropy density s from Bekenstein-Hawking formula. Kubo formula for massive gravity
was derived in [26].
where η, ζ, σµν and Pµν are shear viscosity, bulk viscosity, shear tensor and pro-
jection operator, respectively [20].
In this paper we consider massive gravity with quintessence in d-dimensions and intro-
duce the black brane solution. Finally, we study the effect of bulk dimension, in the
presence of quintessence, on the value of η
s
and put some comments on the fluid dual
to this gravity model.
The goal of this paper is to present a model of the universe in which the dark energy
component is described by both a quintessence field and a negative cosmological con-
stant. The quintessence field accounts for the present stage, accelerating expansion, of
the universe. Meanwhile, the inclusion of a negative cosmological constant warrants
that the present stage of accelerating expansion will be, eventually, followed by a period
of collapse into a final cosmological singularity (AdS universe).
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2 The Einstein AdS Black Brane Solution Sur-
rounded by Quintessence in Massive Gravity
The action for this model is written as follows,
S =
1
2
∫
ddx
√−g
[
R− 2Λ +m2g
d−2∑
i=1
ciUi(g, f)
]
+ Squint, (4)
The first term,R, is the Ricci scalar and it represent the Einstein gravity. The second
term ,Λ, is the cosmological constant expressed in terms of the curvature radius l of
the AdS spacetime background as,
Λ =
−d1d2
2l2
, where di = d− i (5)
and it should be negative because we are in AdS space-time. The third term is massive
term where mg is the mass of graviton, ci’s are coupling parameters, f is a fixed
reference metric defined by fµν = diag(0, 0, c
2
0hij) and hij =
1
l2
δij [27] , Ui are symmetric
polynomials in terms of the eigenvalues of the d× d matrix Kµν =
√
gµαfαν given as,
U1 = [K], U2 = [K]2 − [K2], U3 = [K]3 − 3[K][K2] + 2[K3]
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]
U5 = [K]5 − 10[K2][K]3 + 20[K3][K]2 − 20[K2][K]3 + 15[K][K2]2 − 30[K][K]4 + 24[K5]
... (6)
The rectangular brackets denote traces.
By calculating of Ui, they can be written as,
Ui = (c0
r
)i
i+1∏
j=2
dj, (7)
in which
y∏
x
... = 1 if x > y.
The last term in (4) , Squint , is the action for quintessence matter. A general action
for quintessence in d-dimensional space-time is
Squint =
∫
ddx
√−g
[
− 1
2
(~∇φ)2 − V (φ)
]
(8)
The energy-momentum tensor of the quintessence dark energy in an arbitrary dimen-
sion can be described by [6] ,
Tt
t = Tr
r = ρq = − ωαd1d2
4rd1(ω+1)
, (9)
Txi
xi = −ρq
d2
(d1ωq + 1), i = (1, ..., d2) (10)
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We get the following metric as an ansatz for a d-dimensional planar AdS black brane,
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
d∑
i=2
hijdx
idxj , (11)
The equations of motion can be derived by variation the action (4) with respect to the
metric,
Gµν + Λgµν −m2χµν = 2Tµν(quint) (12)
where Gµν = Rµν − 12gµνR is the Einstein tensor, Tµν(quint) is the energy-momentum
tensor of quintessence and χµν is massive term,
χµν =
c1
2
(
U1gµν −Kµν
)
+
c2
2
(
U2gµν − 2U1Kµν + 2K2µν
)
+
c3
2
(
U3gµν − 3U2Kµν
+6U1K2µν − 6K3µν
)
+
c4
2
(
U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν
)
+
c5
2
(
U5gµν − 5U4Kµν + 20U3K2µν − 60U2K3µν + 120U1K4µν − 120K5µν
)
+ ...
(13)
By using this metric ansatz (11), we have:
Rtt = −
f(r)
(
f ′′(r)r + d2f
′(r)
)
2r
Rrr =
f ′′(r)r + d2f
′(r)
2f(r)r
R =
f ′′(r)r2 + 2d2rf
′(r) + d2d3f(r)
r2
Gtt = Rtt − 1
2
gttR =
d2f(r)
(
f ′(r)r + d3f(r)
)
2r2
χtt = f(r)m
2
g
( d−2∑
i=1
ci0ci
2ri
i+1∏
j=2
dj
)
(14)
We will obtain a differential equation for f(r) by using tt component of Eq.(12) as
following,
d2d3(k − f(r))− d2rf ′(r)− 2Λr2 +m2g
( d−2∑
i=1
ci0ci
ri−2
i+1∏
j=2
dj
)
= − ωαd2d1
r−2+d1(ω+1)
(15)
Multiplying the above equation by a factor of r
d4
d2
gives us,
d3r
d4f(r)+ rd3f ′(r)−kd3rd4 + 2Λr
d2
d2
−m2g
( d−2∑
i=1
ci0cir
d
d2ri+2
i+1∏
j=2
dj
)
= − ωαd1r
d4
r−2+d1(ω+1)
(16)
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Thus, we get,
d
dr
(
rd3f(r)
)
− kd3rd4 + 2Λr
d2
d2
−m2g
( d−2∑
i=1
ci0cir
d
d2ri+2
i+1∏
j=2
dj
)
= − ωαd1r
d4
r−2+d1(ω+1)
, (17)
f(r) will be obtained by solving Eq.(17) as follows,
f(r) = k − b
rd3
− 2Λ
d1d2
r2 − α
rd1ωq+d3
+m2g
d−2∑
i=1
(
ci0ci
di+1d2ri−2
i+1∏
j=2
dj
)
. (18)
Where k and b are constant. b is determined by applying the condition of f(r) on event
horizon i.e. f(r0) = 0.
b = rd30
[
k − α
r
d1ωq+d3
0
− 2Λ
d1d2
r20 +m
2
g
d−2∑
i=1
(
ci0ci
di+1d2r
i−2
0
i+1∏
j=2
dj
)]
. (19)
By inserting m in f(r) we have,
f(r) =
[
k
(
1− (r0
r
)d3
)− α
rd3
(
1
r0d1ωq
− 1
rd1ωq
)− 2r
2
0Λ
d1d2
(
(
r
r0
)2 − (r0
r
)d3
)
+m2g
d−2∑
i=1
(
ci0ci
di+1d2
( 1
ri−2
− 1
ri−20
(
r0
r
)d3
) i+1∏
j=2
dj
)]
. (20)
We are finding the black brane solution, thus, set k = 0. The emblacking factor is as
follows,
f(r) =
[
− α
r
d1ωq+d3
0
(
1− (r0
r
)d3
)− 2r20Λ
d1d2
(
(
r
r0
)2 − (r0
r
)d3
)
+m2g
d−2∑
i=1
(
ci0ci
di+1d2
( 1
ri−2
− 1
ri−20
(
r0
r
)d3
) i+1∏
j=2
dj
)]
. (21)
The entropy density is calculated by using Hawking-Bekenstein formula as,
s =
A
4GVd2
=
4π
Vd2
∫
dd2x
√−g = 4π
Vd2
∫
dd2x
√
−χ(r0) = 4π(r0
l
)d2 (22)
where Vd2 is the volume of the constant t and r hyper-surface with radius r0 , χ(r0) is
the determinant of the spatial metric on the horizon and we used 116piG = 1 so
1
4G = 4π.
3 Calculation of η
s
In this section, we compute the shear viscosity in the boundary field theory by applying
fluid-gravity duality [28]. We need to have [T x y(x), T
x
y(0)] for computing the shear
viscosity by using fluid-gravity duality. 2-point function of energy-momentum tensor
in the boundary field theory is constructed by considering small fluctuations around
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the black brane background gµν → gµν + hx1x2 .
By following the procedure of [29] we perturbe the metric as hx1x2 =
r2
l2
φ(r)e−ıωt in the
equation of motion (12). The equation of motion for the fluctuations is the following
form,
1√−g∂r
(√−ggrr∂rφ
)
+ [gttω2 −m(r)2]φ = 0 (23)
m(r)2 = gxxTxx − δTxy
δgx1x2
Shear viscosity is calculated by Eq.(3),
η = lim
ω→ 0
1
ω
ℑGRTx1x2Tx1x2 (ω, k = 0) =
√
χ(r0)
16πGN
φ0(r0)
2 =
s
4π
φ0(r0)
2 (24)
Then, we will have,
η
s
=
1
4π
φ0(r0)
2 (25)
where φ0 is the solution of Eq. (23) at zero frequency (ω = 0).
We apply two conditions for φ: it is regular at horizon r = r0 and goes to φ = 1 near
the boundary as r →∞.
So we perturb the metric (11) according to [29],
ds2 = −f1(r)
l2
dt2+
l2
f1(r)
dr2+
r2
l2
(dx21+dx
2
2+2φ(r)e
−ıωtdx1dx2+dx
2
3+ ...+dx
2
d) (26)
where
f1(r) =
l2
rd3
[
− α
r
d1ωq
0
(
1− (r0
r
)d3
)− 2Λ
d1d2
(rd−1 − rd−10 ) +m2
c0c1
d2
(rd2 − rd20 ))
+m2l2c20c2(r
d3 − rd30 ) +m2c30c3(rd4 − rd40 )d3 +m2c40c4(rd5 − rd50 )d3d4
]
= l2f(r)
(27)
By Plugging Eq.(26) into the action Eq.(4) and keeping up to φ2 terms [16, 17, 18, 19,
20, 28] for ω = 0, we get:
S2 =
−1
2
∫
d4x
(
K1φ
′2 −K2φ2
)
(28)
where
K1 =
rd2
ld−2
f1(r)
l2
=
rd2
ld
f1(r)
K2 =
m2
2ld2
(
c0c1r
d3 + d4c
2
0c2r
d4 + d4d5c
3
0c3r
d5
)
(29)
The EoM of φ is derived by variation of S2 with respect to φ,
(K1φ
′)′ +K2φ = 0 (30)
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Since Eq.(30) doesn’t have an exact solution, we solve it perturbatively in terms of m2
and α. For the leading order we consider m = α = 0. thus we have,(
r
(
rd−1 − rd−10
)
φ′0(r)
)
′
= 0, d 6= 1 (31)
The solution is founded as,
φ0(r) = C1 + C2
(
d log r − log
(
rrd0 − r0rd
))
(32)
C2 = 0 by applying regularity on the horizon and C1 = 1 by applying φ(r → ∞) = 1
so φ0(r) = 1. In this case, according to Eq. (25),
η
s
=
1
4π
φ0(r0)
2 =
1
4π
(33)
Now we consider m2 and α to be a small parameter and try to solve Eq.(30). By
Putting φ = φ0 + m
2φ1(r) + αφ2(r) where φ0 = 1 and expanding EoM in terms of
powers of m2 and α, we will find,
m2
2ld2
(
c0c1r
d3 + d4c
2
0c2r
d4 + d4d5c
3
0c3r
d5
)
+

−2Λm2r
(
rd1 − rd10
)
φ′1(r)
ldd2d1


′
= 0 (34)
α
(
r
(
rd−1 − rd−10
)
φ′′2(r) +
(
drd−1 − rd−10
)
φ′2(r)
)
= 0 (35)
Thus we find the solutions as follows,
φ1(r)→ C2 +
C1
(
d log(r)− log (rrd0 − r0rd))
r−d0 d1
−
∫ r c0d2d1r0Ud4 ( c0c2d4Ud3 + c1U2d2 + c20c3d5
)
4Λ
(
rd0U − r0Ud
) dU (36)
φ2(r)→ C3 + C4
rd0d1
(
d log(r)− log(rrd0 − r0rd)
)
(37)
φ(r) is as follows,
φ(r) =φ0 + αC3 +m
2C2 +
(
αC4 +m
2C1
) (
d log r − log (rrd0 − r0rd))
rd0d1
−
c0d1m
2r0l
d−4
(∫ rd3(c0c2d4d22+d3c1r)
rrd
0
−r0rd
dr
)
2d3d2Λ
(38)
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where Φ0 = φ0 + αC3 +m
2C2.
Near horizon of Eq. (38) is as,
φ(r) =iπ
[
− αC4 +m
2C1
(d− 1)r20
+
m2c0l
d−2
(
c0c2(d− 4)(d − 2)2 + c1(d− 3)r0
)
(d− 3)(d − 2)2(d− 1)r20Λ
]
log(r − r0) + ...
(39)
... means finite terms.
Regularity on the horizon condition tells us to eliminate log(r − r0). It causes C1 to
be as follows,
C1 →
c0d1l
d4
(
c0c2d4d
2
2 + c1d3r0
)
2d3d22m
2Λ
− αC4
m2
(40)
By inserting Eq.(40) into Eq.(38), φ(r) is as,
φ(r) = Φ0 +m
2
(
c0l
d2
2d3d
2
2d1Λr
4
0
(
2Λl2rd0
(
d log r − log
(
rrd0 − r0rd
)) (
c0c2d4d
2
2 + c1d3r0
))
+
c0l
d2
2d3d
2
2d1Λr
4
0
d2d
2
1r
5
0
∫
rd3
(
c0c2d1d
2
2 + c1d3r
)
rrd0 − r0rd
dr
)
= Φ0 −m2B(r) (41)
Φ0 is determined by applying φ(r →∞) = 1,
Φ0 = φ(r →∞) +m2B(r →∞) = 1 +m2B(r →∞) (42)
By inserting Φ0 into Eq.((38), we will have,
φ(r) = 1 +m2B(r →∞)−m2B(r) (43)
So the mode equation Eq.(30) is solved up to the first order in terms of α and m2.
Now we calculate the value of η
s
by using Eq.(25),
η
s
=
1
4π
φ(r0)
2 =
1
4π
(
1 + 2m2
(
B(r →∞)−B(r0)
)
+O(m4)
)
(44)
It shows massive gravity with quintessence behaves like pure AdS massive gravity[29].
Thus KSS bound is violated for this black brane by applying φ(r0) = finite and φ(r →
∞) = 1.
4 Conclusion
We studied the dual of d-dimensional AdS black brane solution surrounded by quintessence
in massive gravity. Hydrodynamics is an effective theory of feild theory in the long
wavelength limit. we calculate η
s
for this gravitational model as an important trans-
port coefficients by applying the Dirichlet boundary and regularity on the horizon
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conditions[29]. There is a conjecture that states η
s
= 14pi for Einstein-Hilbert gravity,
known as KSS bound [19] which it is violated for higher derivative gravity[21, 22, 23,
24, 25]. Our result shows that it’s independent of quintessence in arbitrary dimensions.
Since η
s
is proportional to the inverse squared of the coupling in feild theory side. Our
outcome also shows that quintessence acts like Yang-Mills charge [30] and cloud of
string [31].
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